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Instructions: 1. This question paper contains 11 questions.

2. Attempt all questions from Section A (each carrying 4 marks).

3. Attempt all questions from Section B (each carrying 10 marks). Question 9 has an
internal choice.

4. Attempt all questions from Section C (each carrying 20 marks). Question 11 has an
internal choice.

SECTION A
(5Qx4M=20Marks)
S. No. Marks CO
Q1 Find the irreducibility of the polynomial f(x) = x3 + 2x2 +5x + 1 4 CO?2
over Q.
Q2 State the First Isomorphism Theorem for modules. 4 CO3
Q3 Find the splitting field of f(x) = x2 + 1 over Q. 4 CcO4
Q4 Define algebraic extension of a field and provide an example. 4 CO4
Q5 State Fundamental Theorem of Galois Theory. 4 CO4
SECTION B
(4Qx10M= 40 Marks)
Q6 Let F be a field of order 4096. Find the number of proper subfields of F. 10 co4
Q7 Prove that a map ¢: M = N is an R-module homomorphism if and only 10 cO3
ifp(rx+y) =r¢p(x) + ¢(y) forall x,y € M and forall r € R.
Q8 Letp : M — N be an R-module homomorphism. Then, prove that ¢(M) 10 co3
is a submodule of N.
Q9 If a group of order 52. 2.3 has no normal subgroups, then find the number
of Sylow 5-subgroups.
OR 10 Cco1
Ifo =(1524)andt = (14 2)(35), then find the order of ot in Sc.
SECTION-C
(2Qx20M=40 Marks)
Q10 Let Ny, N,, ... N}, be submodules of the R-module M. Then, prove that the 20 CO3
following are equivalent.




i. N;n(Ny+Ny+--Np)=0forallj € {1,2,..,k}.
ii. Everyx € N; + N, + --- Nj, can be written uniquely in the form
a; + a, + -+ a, witha; € N;.

Q11

If G is a group of order pq, where p and q are primes, p < g and p does
not divide g — 1, then prove that G is cyclic.
OR
Prove that
I.  Z(G), center of a group G is a subgroup of G and it is normal.
ii.  every subgroup of an abelian group is normal.
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